Section 7.1 — Introduction to Periodic Functions

Preliminary Example. The Brown County Ferris h
Wheel has diameter 30 meters and completes one full rev-

olution every two minutes. When you are at the lowest

point on the wheel, you are still 5 meters above the ground. 30 )
Assuming you board the ride at ¢ = 0 seconds, sketch a 25
graph of your height, h = f(¢), as a function of time. 20
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Definition. A function f is called periodic if its output values repeat at regular intervals. Graphically,
this means that if the graph of f is shifted horizontally by p units, the new graph is identical to the original.
Given a periodic function f:

1. The period is the horizontal distance that it takes for the graph to complete one full cycle. That is, if
p is the period, then f(t + p) = f(t).

2. The midline is the horizontal line midway between the function’s maximum and minimum output
values.

3. The amplitude is the vertical distance between the function’s maximum value and the midline.

Example 1. What are the amplitude, midline and period of the function h = f(¢) from the preliminary example?

Period = 120 seconds
Midline: h = 20 meters
Amplitude = 15 meters
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Examples and Exercises

1. The function given below models the height, h, in feet, of the tide above (or below) mean sea level ¢ hours
after midnight.

(a) Is the tide rising or falling at 1:00 a.m.?

The tide is rising because the graph is 20

increasing at t = 1.
1 1 g 10!

(b) When does low tide occur?

Low tide occurs at 9 a.m. and again at 9 p.m.
because the graph achieves its minimum output -10
value at t =9 and ¢ = 21.

-20

(¢c) What is the amplitude of the function? Give a practical interpretation of your answer.

The amplitude of the function is 20 feet. In this problem, the amplitude represents
the maximum amount that the tide deviates from mean sea level.

(d) What is the midline of the function? Give a practical interpretation of your answer.

The midline of the function is the line h = 0. This represents the height of the water
when the tide is at mean sea level.
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Section 7.2 — The Sine and Cosine Functions

Angle Measurement in Circles y

e Angles start from the positive z-axis.

e Counterclockwise defined to be positive.
o «

0 = 180°+45° = 225°
¢ = —135°
Definition. The unit circle is the term used to describe ©0,1)
a circle that has its center at the origin and has radius (=, y)
equal to 1. The cosine and sine functions are then defined
as described below. ‘
(-1,0 1.0
cos) = «x
sinf =

(0,-1)

Example 1. On the unit circle to the right, the angles
10°, 20°, 30°, etc., are indicated by black dots on the
circle. Use this diagram to estimate each of the following:

(a) cos(30°) = __0.87
(b) sin(150°) = 0.5

(c) cos(270°)=_0

Example 2.

(a) Find an angle 6 between 0° and 360° that has the same sine as 40°.
(b) Find an angle 6 between 0° and 360° that has the same cosine as 40°.

(a) P and @ have the same y-coordinate, so (b) P and R have the same z-coordinate, so
sin40° = sinf. Therefore, our answer is cos40° = cosf. Therefore, our answer is
6 = 180° — 40° = 140°. 0 = 360° — 40° = 320°.
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Theorem. Consider a circle of radius r centered at the origin. Then
the x and y coordinates of a point on this circle are given by the following
formulas:

r = rcosf

y = rsinf

(0’3 _r)

Examples and Exercises

1. Use the unit circle to the right to estimate each of the

following quantities to the nearest 0.05 of a unit.
(a) sin(90°) = _ 1 (b) cos(90°) =0
(c) sin(180°) =_0 (d) cos(180°) = —1
(e) cos(45°) = _ 0.7 (f) sin(—=90°) = -1
(g) cos(70°) = __0.35 (h) sin(190°) = —0.2
(i) sin(110°)=_0.9 (j) cos(110°) = —0.35

2. For each of the following, fill in the blank with an angle between 0° and 360°, different from the first one, that
makes the statement true.

(a) sin(20°) = sin(__160° ) (b) sin(70°) = sin(__110° ) (c) sin(225°) = sin(__315° )

(d) cos(20°) = cos(__340° ) (e) cos(70°) = cos(__290° ) (f) cos(225°) = cos(__135° )

3. Given to the right is a unit circle. Fill in the blanks with y
the correct answer in terms of a or b. (-a,b) (a,b)
180 - ¢
(a) sin(f 4 360°) = _b
(b) sin(d +180°) = —b \ 0
(c) cos(180° =) = _—a 180 + X
(d) sin(180° — ) = _b 360 7 6
(e) cos(360° —60)=_a ]
(f) sin(360° — ) = b (-a,~b) (a,-b)

(
(g) sin(90° —0) = _a
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4. Use your calculator to find the coordinates of the point P at the given angle on a circle of radius 4 centered
at the origin.

(a) 70° (b) 255°

(a) We have x =rcost) = 4cos70° ~ 1.368 and y = rsinf = 4sin70° ~ 3.759. Therefore, our final
answer is (1.368,3.759).

(b) We have x =rcosf = 4cos255° ~ —1.035 and y = rsinf = 4sin 255° ~ —3.864. Therefore, our
final answer is (—1.035,—3.864).
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Section 7.3 — Radians and Arc Length

Definition. An angle of 1 radian is defined to be
the angle, in the counterclockwise direction, at the
center of a unit circle which spans an arc of length 1.

Conversion Factors:

Degrees x % — Radians

180
Radians x — — Degrees
T

1 radian

Note: Since the length around the entire
circle is 27 -1 =27, we see that

360° = 27 radianms.

Example 2. Convert each of the following angles from radians to degrees or from degrees to radians. An angle
measure is assumed to be in radians if the degree symbol is not indicated after it.

(a) 30° (b) 3¢ (c) 1.4

T 307 g
30° T
(2) 30" % 7305 = 130 6
3r 180°
(b) gx —3.90° = 270°.

180° 252\ °
(o) 1.4x 120 ( 0) ~ 80.2°.

s s

Example 3. On the unit circle to
the right, label the indicated “com-
mon” angles with their degree and
radian measures.

Note: To the right, blue
numbers indicate degree

measures and red numbers
indicate radian measures.
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Theorem. The arc length, s, spanned in a circle of radius r by an
angle of 6 radians, 0 < 0 < 27, is given by \

s=r0

Note: # must be in radians in order for this formula to work!

Examples and Exercises

1. In the pictures below, you are given the radius of a circle and the length of a circular arc cut off by an angle
0. Find the degree and radian measure of 6.

Left Circle: We are given that s =8 and r = 2.

Therefore, s=7rf — 8 = 260, which means that

0 =8/2 =4 radians, or about 229.2°.

Right Circle: We are given that s =4 and r =4.
Therefore, s=rf — 4 =46, which means that
0 =4/4=1 radian, or about 57.3°.

(&

2. In the pictures below, find the length of the arc cut off by each angle.

Left Circle: We are given that r =2 and 0 = 27/3.
Therefore, s =rf =2-(27/3), which means that
8 s =4m/3 units.

Right Circle: We are given that r =3 and 6 = 80°.
Converting to radians, we have ¢ =80 (7/180) = 47/9
radians. Therefore, s=10=3:(47/9), so s=4n/3
units.

‘

3. A satellite orbiting the earth in a circular path stays at a constant altitude of 100 kilometers throughout its
orbit. Given that the radius of the earth is 6370 kilometers, find the distance that the satellite travels in
completing 70% of one complete orbit.

First, note that, in the diagram to the right,
the inner solid circle denotes the surface of
the earth, while the outer dotted circle denotes
the path of the satellite in its circular

orbit. The radius of the orbital path is

r = 6370 + 100 = 6470 kilometers. Also, since
there are 27 total radians in the central angle
of an entire circle, the length of the entire
orbital path of the satellite is

s=1r0 =6470-27 = 129407 kilometers.

Therefore, the distance traveled by the
satellite in completing 70% of its orbit is

0.7(129407) ~ 28457 kilometers,

which is our final answer.
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4. An ant starts at the point (0,3) on a circle of radius 3 (centered at the origin) and walks 2 units
counterclockwise along the arc of the circle. Find the x and the y coordinates of where the ant ends up.

Referring to the diagram to the right, the ant (0 3)
starts at (0,3) and walks a distance of 2 units 2 !
counterclockwise to the point labeled (z,y).

Since the angle 6, starts on the positive z-axis (X, y)

and terminates at the final position of the

ant, we know that *+ = 3cosf; and y = 3sinfs.
Therefore, we need to find 0. To do this, first
note that we can use s = rfl; to find the value of
912

s=rth — 2=304,

which implies 0; = 2/3 radian. Therefore, 0y =
(2/3) 4 (7/2) radians, and so we have

2 0w . 2 0w
T = 3cos (§ + §> ~ —1.855 and y = 3sin <§ + 5) ~ 2.358.

Section 7.3 Supplement

Preliminary Example. Use the unit circles and corresponding triangles below to find the exact value of the

sine and cosine of the special angles 30°, 45°, and 60°.
l R

Figure 1. Figure 2. Figure 3.

Figure 1: Note first that the given triangle is an isosceles right triangle with hypotenuse 1,
so we begin by letting x represent the length of each side of the triangle. Then we have
?+22=12 = 22°=1 = 2?=1/2, which means that z = /1/2, which can also be written

% V2

as = = +/2/2. It follows that P = (v/2/2, /2/2), and we conclude that cos45° = 5 and sin45° = 5

Figure 2: Note first that the blue triangle is isosceles since two of its sides are radii of the
circle and therefore both have length 1. Therefore, the angles opposite these legs have the same
measure, and therefore must both measure 60° in order for the angles in the blue triangle to add
up to 180°. This means that the blue triangle is equilateral, and so (J1()2 = 1. But we can also
observe that the two smaller triangles that make up the blue triangle are congruent by SAS;
therefore, y = 1/2, and by using Pythagorean Theorem, we have z?+ (1/2)? = 1%, which implies

3 1
2? =3/4 and z = +/3/2. Thus, Q; = (v/3/2, 1/2), and we conclude that cos30° = 5 and sin30° = 3

Figure 3: Note that the right triangle in Figure 3 shares the same interior angles and
hypotenuse as each of the smaller triangles in Figure 2. Therefore, the right triangle in
Figure 3 is congruent to each of the smaller triangles in Figure 2. We therefore conclude that
the numbers x and y agree with the values from the Figure 2 analysis above. Therefore,

V3

1
R = (y,x) = (1/2, v/3/2), which means that cos60° = 3 and sin60° = 5

8 Developed by Jerry Morris



The Unit Circle

(1 V3 (O’ 1) (L {3
2 3)
(-Q 2 2 Q)
2'2 2’72
(3% (3,1
2 2
(-1,0 (1, 0)
(-@i 3 1
21 2 212
(72 2 72
2’2 2772
1
2! 2) (?’ 2.
0, -1)
0 0 : : = T 7 v
0 0° 30° 45° 60° 90° 120° 135° 150° 180°
cosf 1 Q @ ! 0 L 7@ fﬁ -1
2 2 2 2 2
. 1 V2 V3 V3 V2 1
Sln9 0 — 7 7 1 7 7 5 0
0 210° 225° 240° 270° 300° 315° 330° 360°
V3 V2 1 1 V2 V3
cosf —— - —= 0 = — — 1
2 2 2 2 2 2
cell L V2 v VB V2 0
St 2 2 2 2 2 2
1
// X N /'/
0.5 V=C SO
/. yd AN N\ hd /.
/. /. N\ AN yd
y . Py 4 \ N\ /.
IT "y /. TT N\ N\ Ps) A
N /. VN TT -\ Lo Al J/ /
-5 / AN TN / /=
2 -5 2 5
,/ \‘\ X /'/
- _1 ‘-\ / \ _/

Activities to accompany “Functions Modeling Change”, Connally et al, Wiley, 2015




Sections 7.4 and 7.5 — Sinusoidal Functions

Directions. Make sure that your graphing calculator is set in radian mode.

) ) B | y=sin(Bz) | Period

Function Effect on y = sinx —

— cal — 1 y=-sinz 21
Y = 28T vertical stretc y D) y = sin(2:1:) g
y =sinz + 2 shift up by 2 4 y =sin(4x) | 7/2

— - 1/2 | y =sin(x/2) | 47
y = sin(z + 2) shift left by 2 B = sin(Bz) | 27/B|
y = sin(2z) horiz. compression by 2

Observation: |B|:-Period =27
Summary
For the sinusoidal functions y = Asin(B(x — h)) + k and y = Acos(B(xz — h)) + k:
1. Amplitude = |A4|

2

2. Period = —
1B

3. Horizontal Shift = A
4. Midline: y==F

Definition. A function is called sinusoidal if it is a transformation of a sine or a cosine function.

Primary Goal in Section 7.5. Find formulas for sinusoidal functions given graphs, tables, or verbal
descriptions of the functions.

Helpful Hints in Finding Formulas for Sinusoidal Functions

1. If selected starting point occurs at the midline of the graph, use the sine function.

2. If selected starting point occurs at the maximum or minimum value of the graph, use the cosine
function.

3. Changing the sign of the constant “A” reflects the graph of a sinusoidal function about its midline.

Example 1. Let y = 2sin(2z — 7) + 2. Find the amplitude, period, midline, and horizontal shift of this function.

First, we rewrite the function as follows:
. . T
y=2sin(2r —m) +2 = 2S1H(2(1’7§))+2

In this new form, we see that A=2, h=n/2, k=2, and B = 2. Therefore, our answers are as
follows:

Amplitude = |4| = 2
7r
Horizontal Shift=h = 5
Midline: y=k=2
Period — —"
eriord=— = 7
| B|
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Examples and Exercises

6
O

w

-7 a7 2xn 3mx 4

Referring to the highlighted
portion of the graph above,

we first note that the midline
is y =3 and the period is

4m. Therefore, k=3 and
2n/B=4r = B=1/2. Also,
the amplitude is (6 —0)/2=3, and
since the highlighted portion of
the graph is shaped like —cosuz,
we have A = —3. Therefore, our

1
answer is y = —3 Cos(ix) + 3.

3

Here, we see that k=0 and the
period is 4, so that 27/B =4,
which means that B = 7/2.

Also, the highlighted portion
of the graph is shaped like

y =cosz with an amplitude of
3. Therefore, our answer is

Y= 3cos(gm).

23

Again, k=0 and we see that the
period is m, which means that
2r/B=m = B =2. Since the
highlighted portion looks like

Yy = —sinz with an amplitude of 3,
our answer is y = —3sin(2z).

1. Find a possible formula for each of the following sinusoidal functions.

| o

Using the same reasoning as

to the left, k= —2 and the
period is 7 — (—1) =8, meaning
that 27/B = 8, which means that
B=mn/4. 1In this case, the
highlighted portion of the graph
looks like sinz shifted to the
right h =1 units. Our answer is

therefore y = sin(%(x —-1))—2.

0.8

I
7

-0.8

Once again, we have k=0, and
we can see that the period is
half of w/7, which is w/14.
Thus, 27/B = /14, which means
that B = 28. Since the graph is
shaped like y = —sinz with an
amplitude of 0.8, our answer is

y = —0.8sin(28z).

10

PR
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2
Here, we have k=06 and a
period of 14 —2 =12, which
means that B = 7/6. Since the
highlighted portion looks like
the graph of y = —cosz with an
amplitude of 4, and shifted to
the right by h =2, our answer is

y=—4 cos(%(a: —2)) +6.
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2. For each of the following, find the amplitude, the period, the horizontal shift, and the midline.
(a) y =2cos(mz+ &) —1 = 2cos(n(z —(—3))) — 1

From above, we see that A=2, k=—1, h=—-2/3, and B = . Therefore, the amplitude is
2, the horizontal shift is —2/3, the midline is y = —1, and the period is 27/m = 2.

(b) y =3 —sin(2z — 7r) = —sin(2(z — F)) +3

From above, we see that A= —1, k=3, h="7r/2, and B = 2. Therefore, the amplitude is
1, the horizontal shift is 77/2, the midline is y =3, and the period is 27/2 = .

3. A population of animals oscillates annually from a low of 1300 on January 1st to a high of 2200 on July 1st,
and back to a low of 1300 on the following January. Assume that the population is well-approximated by a
sine or a cosine function.

(a) Find a formula for the population, P, as a function of time, ¢. Let ¢ represent the number of months after
January Ist. (Hint. First, make a rough sketch of the population, and use the sketch to find the
amplitude, period, and midline.)

Using our sketch to the right, we first note
that the period is 12 months, so we know that
21 ™

B 6

Also, the midline is the average of the maximum
and minimum values of the function, so

1300 + 2200 3 3 3 3
k= 7; — 1750. 3 6 9 12"
Finally, the graph is shaped like y = —cosz with an amplitude of (2200 — 1300)/2 = 450,
so A = —450. Our final answer is therefore

P = —450 cos(%t) +1750.

(b) Estimate the animal population on May 15th.

Since t =0 corresponds to January 1st, f=4 corresponds to the beginning of May, so
that ¢ = 4.5 corresponds to May 15th. Therefore, our answer is

P =—450 cos(% -4.5)+ 1750 ~ 2068 animals.

(c) On what dates will the animal population be halfway between the maximum and the minimum
populations?

This will occur when {=3 and t =9, which corresponds to April 1st and October 1st.
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Section 7.6 — Tangent and Other Trigonometric Functions(x v

cos) = x
sinf = vy
x
tanf = = cotf = —
Yy
sec = — csc = —

From the picture, we have .7:2+g/2 e 12, which
leads to the identity

cosZ 0 +sin’fh = 1.

Example 1. Suppose that cos@ = % and that 6 is in the 4th quadrant. Find sin# and tan 6 exactly.

We have
2
2 .2 2 .2 .2 4 .2 21
cos“ 0 +sin“6 =1 — -] +sin“0=1 == sin“d=1—-— == sin“f = —
5 25 25
V21
== sinf = £——.
)
Since # is a 4th quadrant angle, the y-coordinate associated with
the terminal side of € is negative (see diagram to the right), so
0
sinf = —v/21/5. N
Therefore, K/
sinf  —+v21 5 V21
fanfp = — — V2.2 VT x.y)
cos 5 2 2

Example 2. Find exact values for each of the following:
(a) tan (%) (b) tan (%) (c) tan (%)

™

;1 2 1
T\ = _a3 1 2 _ 1
@) tan(es) cos(Z) B 2 V3 V3

™

(b) tan <Z> =% - n

(c) Since

tan (E> = sin (%) ,

2 cos (%)

and since cos(m/2) =0, we see that tan(w/2) is undefined.

Activities to accompany “Functions Modeling Change”, Connally et al, Wiley, 2015
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Reference Angles

Definition. The reference angle associated with an angle 6 is the acute angle (having positive measure)
formed by the z-axis and the terminal side of the angle 6.

Example. For each of the following angles, sketch the angle and find the reference angle.

(1) 6§ = 300°

&

6" = 360° — 300° = 60°, so =2 —m=1Z, so
o o_ 1 4 1
cos300° = cos60 =3 cos% _ _Cosg__i
3

sin300° = —811160°=—§ 81114‘—7[— = _Sin‘ﬁz_ﬁ
3 3 2

(3) 6 = 135°

g 0

0" = 180° — 135° = 45°, so =1 —7=2Z so

cos135° = —cos4h° = — : cos =

N~
=l F
3
o

—CoS = = ——
6 2
2 7 1
sin135° = sin45° = % sin & — sing =5
Key Fact. If 0 is any angle and ¢’ is the reference angle, then
sinf/ = Zsind tanf = Ztand secl’ = Lsech
cosf = ZLcosf cscd = ZLcscb cot) = Zcot,
where the correct sign must be chosen based on the quadrant of the angle 6.

Exercise. Return to the previous example and find the exact value of the sine and the cosine of each angle.
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Examples and Exercises

1. Suppose that sinf = —% and that 37” < 0 < 27. Find the exact values of cosf and sec6.

We have
3\ 9 7
sin?@ + cos?f = 1 — —Z) +cos’h=1 — — fcos’f=1 — cos?f = —
4 16 16
7
— cosf = :I:£
4
Since 0 is a 4th quadrant angle, the x-coordinate associated with
the terminal side of # is positive (see diagram to the right), so
cosf is positive. Therefore, our answers are: /\e
VT N
cos) = — o
4
) 1 4 47 %)
sect) = = —, or ——
cosf VT 7

x

2. Suppose that csc = 5 and that ¢ lies in the 2nd quadrant. Find expressions for cos¢ and tan @ in terms of .

First, note that

9 T 1 T
cscl) = - @ — = —
2 sin 0 2

. 2
—> sinf = —.
T

Therefore, we have
22 4

sin? 0 + cos? 6 = 1 — <—) +ceos?0=1 — — +cos?0=1 — cos? 0
T T

— COS

— cost = +

Since # is a 2nd quadrant angle, the x-coordinate associated with
the terminal side of € is negative (see diagram to the right), so xy
cosf is negative. Therefore, our answers are:

cos) = —

tanf =

2/x

—/z2—4)/x
_Vaz_4
2

2
\/ 2

x
vz —4
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3. Given to the right is a circle of radius 2 feet (not
drawn to scale). The length of the circular arc
5 is 2.6 feet. Find the lengths of the segments
labeled u, v, and w. Give all answers rounded to
the nearest 0.001.

First, note that the arc cut off by the
angle # measures s =2.6 feet. Therefore,
we have

s=rf — 2.6=20, -

so we conclude that # =2.6/2=1.3
radians. Thus,

u=2cosl.3 = 0.535
v=2sinl.3 = 1.927

Thus, by Pythagorean Theorem, we have

w? = (2 —u)* 4+ v? =  w?=(2-0.535)% +1.9272 = w?

5.860
- w = 2.421.

To summarize, our final answers are u = 0.535, v =1.927, and w = 2.421.
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Section 7.7 — Trigonometric Relationships and Identities

Definitions. We define the secant, cosecant, and cotangent functions as follows:

1 1 cos

cos sin 0 sin 0

sec =

Preliminary Exercise. Shown below are graphs of y = secf, y = cscf, and y = cot § (not necessarily in that
order). Without using a graphing calculator, match each graph to the correct formula. (Suggestion: Use your
knowledge of the behavior of the sine and cosine functions to make your matches; in particular, pay attention to

where these functions are positive, negative, or zero.)

y = cscl y = cot d (c) y = sect

n 27

(a) Note that this graph is positive for 0 < f < 7 and negative for 7w < f < 27, which agrees with
the behavior for y =sinf. Also, it has its asymptotes at multiples of m, which is where sinf

equals 0. We conclude that (a) is the graph of y = cscé.

(b) This graph must be the graph of y = cotf because its output values are 0 at 7/2 and 37/2
(where cosf, the numerator, is 0) and has asymptotes at multiples of 7 (where sin#, the

denominator, is 0).

(c) This graph has asymptotes where cosf =0 and is positive and negative on the same intervals
as the cosine function, so we conclude that y = secf matches this graph.

Example 1. Given to the right are graphs of the sine and cosine
functions. First, label which is which and then complete the following:

(a) Describe how the cosine function can be translated to obtain the
sine function, and vice versa. Then, use your observations to

complete identities (1) and (2) below.

By moving the cosine function 7/2 to the right, we
obtain the sine function (see Identity 1), and by
moving the sine function 7/2 to the left, we obtain
the cosine function (see Identity 2).

(b) Is the cosine function even, odd, or neither? How about the sine function? Use your observations to complete
identities (3) and (4) below.
The cosine function is even (symmetry about the y-axis), and the sine function is odd

(symmetry about the origin).

Identities.
(1) cos( Gfg ) = sind (3) cos(—0) = _ cosd
(2) sin( 9+g ) = cosf (4) sin(—0) = _ —sind

Activities to accompany “Functions Modeling Change”, Connally et al, Wiley, 2015 17



Example 2. Tllustrate Identity (2) from page 17 by filling in the _ P

table to the right. What do you notice? 0 cost | sin (9 + 5)

For all values of # in the table, the output values 0 1 SIH(W/Q) =1

of cosf and sin (6 + 5) are the same. In fact, for 7/6 | V3/2 | sin(27/3) = V/3/2
any value of 0, these two expressions will be equal. /4 \/5/2 sin(3r/4) = \/5/2
This makes sense, since our analysis from Example i

1 demonstrates that y = cosf and y = sin (9+ g) are m/3 1 1/2 sin(57/6) = 1/2
identical functions. /2|0 sin(r) = 0

More Identities

Some observations:

Since z =cosf and y =sinf in the diagram to the right, we
have (by Pythagorean’s Theorem) :

22y =17 = (cos0)? + (sinf)? = 1

sinf = %/ W |
cos (g ,9) _ 11/ } cos (5—9) — sind
cos) = % o
sin (g , 9) _ % st (5 - 9) — cosf
Identities.
®) S0+ cost0 = 1 (6) cos (g - 9) = sind (7) sin (g - 9) = cos@

Example 3. Given that sinf = % and that € is in the second quadrant, find the exact values of cos, tan6, and
secf.

Using Identity (5) from above, we have

1\2
sin?f + cos?f = 1 — (§) +cos? = 1

1
2
£ s°0 = S
COS 9
8 8
= cosh = £y/5 = i%

Now, since # is in the 2nd quadrant, we know that cosf is negative, so we conclude that

VS 2

cos) = —— =

Therefore, we have

sin 0 1/3
cosf  (=2v2)/3

tan 0

|

|
W
/T\
[\
Sl
N———

I

|
[N}
&»—l

[t

1 1 3 3
= st T Ty _'(_ﬁ> V)
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Examples and Exercises

1. Suppose that sinf = —% and that %’T < @ < 27. Find the exact values of cosf and secf.

We have
.2 2 3)° 2 9 2 2 7
sin“ 0 +cos“ 0 =1 — —— ) +cos?f=1 — — +cos“0=1 — cos“ = —
4 16 16
7
— cos@:i—\{l_

Since 0 is a 4th quadrant angle, the x-coordinate associated with
the terminal side of € is positive (see diagram to the right), so
cosf is positive. Therefore, our answers are:

VT

\6

|
N

cos

4 i
) 1 4 Wi x,y)
p— p— —_— r _
wee cos VT’ 7

2. Suppose that csc = 5 and that ¢ lies in the 2nd quadrant. Find expressions for cosf and tan @ in terms of x.

First, note that

9 x . T N - 2
cscl = — = — sinf = —.
2 sin 6 2 T

Therefore, we have

2
2 4 4
sin? 6 + cos? 6 =1 — (—) +cos?0 =1 — —2+00529:1 — 00529:1——2
T T T
2 4
== cosQG:x—Qf—

x? a2
2
¢ —4
== cost) = £——
T
Since # is a 2nd quadrant angle, the x-coordinate associated with
the terminal side of € is negative (see diagram to the right), so .y
cosf is negative. Therefore, our answers are: \9
-2
r?—4
cosf = —
T
sin 6
tanf =
cosf
B 2/x
2 T
o

2

T
' V2 =4
Va2 —4
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Section 7.8 — Inverse Trigonometric Functions

Preliminary Idea.

sin(r/6) = 1/2 means the same thing as sin~!(1/2) = /6

Definition.
1. sin™! z is the angle between —% and § whose sine is x.
2. tan~ !z is the angle between —5 and § whose tangent is .

3. cos~ !z is the angle between 0 and 7 whose cosine is z.

1

Note. “sin~!2”, “cos ' 27, and “tan~' 2” can also be written as “arcsinz”, “arccosz”, and “arctanz”,

respectively.

Example 1. Calculate each of the following exactly.

\/§ m m \/§ m
Leos | —=|= = since cos (—) = — 3. tan }(V3) = =
( 2 6 ( 6 2 ) (vV3) 3
2 2 in~l(-1)= -Z
2. sin~! £ = (since sin <E> = £) 4. sin™(-1) = 9
2 4 4 2
Example 2. Use the graph to estimate, to the nearest 0.1, y :lSi nx
all solutions to the equation sinz = —3 that lie between 0 and |
27. Then, find the solutions exactly.
-1 112 4 ¢ . X
1
By estimating where the graph of y =sinx crosses the line y = —0.5, we see that the approximate

values of the solutions are x; = 3.7 and x5 = 5.8.
To find the exact values, we use the unit circle and reference

angles. Since

o1 ;T
sinx’ = 5 — I = 6’
we see that the reference angle is 2/ = 7r/6. Since the sine | [
function is negative in the third and fourth quadrants, our
solutions are the angles x; and x2 illustrated in the diagram to

the right. Our answers are therefore:

T T
=Tt T
11
Ty = om— L = T
6

Note that 77/6 ~ 3.7 and 117/6 ~ 5.8, so our exact answers agree with our graphical

approximations.
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Examples and Exercises

1. Solve each of the following trigonometric equations, giving all solutions between 0 and 27. Give exact
answers whenever possible.

(a)

sinf = @ Reference Angle: sinf’ = @ = 0 =

el

Since the sine function is positive in the first and second
quadrants, we have:

7r
o= %

Therefore, our answer is {Z, 2f}.

tanf = —0.3 Reference Angle: tan6’ =0.3 = 6 =tan"1(0.3) ~ 0.291

Since the tangent function is negative in the second and fourth
quadrants, we have:

2.850
5.992

Q

0, =7 —0.291
0y = 2w — 0.291

Q

Therefore, our answer is {2.850, 5.992}.

cos = — Reference Angle: cos¢' =3 = 0 =13

1
2
Since the cosine function is negative in the second and third
quadrants, we have:

2
91 =T — E = _7T
3 3
s 4
92 =T + § = ?
: 2r 4w
Therefore, our answer is {5, ?}
sinf = 0.7 Reference Angle: sin@’ =0.7 = ¢ =sin (0.7) = 0.775

Since the sine function is positive in the first and second
quadrants, we have:

0 =~ 0.775
Oy =7 —0.775 2.366

%

Therefore, our answer is {0.775, 2.366}.

N
N

6

Y
N
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2. Find all solutions to 2sinz cos z + cosz = 0 that lie between 0 and 27. Give your answers exactly.

2sinzcosz+cosz =0 = cosz(2sinz+1)=0 = cosz =0 or 2sinx+1=0

1
e cosz =0 or s1n.7::f§

If cosz =0, then our solutions are

T
T = =
' 2
3m
T2 = —
’ 2
On the other hand, if sinz = —1/2, then our reference angle is

' =m/6, and we have solutions in the 3rd and 4th quadrant:

Therefore, our final answer is {7, 37”, %’r, &1

3. Use the graph to the right to estimate the solu- Yy = cosT

tions to the equation cosz = 0.8 that lie between y
0 and 27. Then, use reference angles to find more 1
accurate estimates of your solutions.

From the graph to the right, we see that
the two solutions between 0 and 27 are X

o
A=

xr1 ~ 0.6 and 25 =~ 5.6.

To find more accurate answers, we use reference angles. Note that
in this case, the reference angle is 2’/ = cos !(0.8) ~ 0.644. Because
the cosine function is positive in the first and fourth quadrants,

our solutions are: /
0.644 \

5.640

X,

X

Q

L1
xo = 2m — 0.644
Therefore, our answer is {0.644, 5.640}.

Q
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‘ T ‘ sin ‘ ‘ x ‘Sin_lx‘
0 0 0 0
/6| 1/2 1/2 /6
/4| V2/2 V2/2 | /4
/3| V3/2 V3/2 | ©/3
/2 1 1 /2
‘ x ‘ tanx ‘ ‘ x ‘ tan~!z ‘
0 0 0 0
/6| 3/3 V3/3 | 7/6
/4 1 1 /4
/3 V3 V3 /3
7/2 | undefined -- --

1.5¢

0.5¢

-0.5¢

~1.5¢
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